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MATHEMATICAL MODELS FOR MAINTAINABILITY

Period: 1 October 1975 — 30 September 1978

Our main goal on this project has been to develop theory and analytical

techniques for modeling and analyzing maintained systems. In order to accom-

plish this goal we have, in conjunction with the Lawrence Berkeley Laboratory,

analyzed maintenance records of the nuclear accelerator Superhilac with

respect to system availability and reliability ([1], [2]). This has afforded

us the opportunity to try out new techniques for analyzing system maintenance

data and has also suggested problems for further research. Our analysis

technique in Li] consisted (after first screening the data) of using time

series methods to detect time dependencies followed by total time on test 
- 

-

plots of system and subsystem uptimes and downtimes. Recommendations relative

to improved maintenance policies were then made based on this information.

in (2] a more detailed analysis of the Superhilac Radio Frequency Subsystem was

made. Computer programs used in the maintenance data analysis are given there.

Recent graphical multivariate techniques for analyzing failure and repair

data were described in an invited talk at the Twenty-fourth Conferen~.’e On

The Design of Experi ments in Army Research, Development and Testing, at the

Methematics Research Center, Madison, Wisconsin, 4—6 October 1978. Using

up and down time data from a nuclear power plant three dimensional plots were

displayed which demonstrated the positive correlation and nature of the failure

rate and repair rate. This research is still in process.

In analyzing the Bevalac Data it quickly became apparent that we should

consider the effect of va~ious shut—off policies. For example, a Computer

Hardware failure will shut down the Magnet Power Supply, but not vice versa.

As a consequence, we have recently completed work on a paper, “Availability

Theory for Systems Whose Components are Subject to Various Shut—off Policies,”

[3]. In this paper we investigate in depth the consequences of various
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• shut—off policies. Availability and related formulas now involve more

than the means of the distributions Involved . However, comparisons with

the case of all exponential life and repair distributions can be given In

terms of IFR and DFR lifetime and repair distributions.

A post—doctoral student, Eduardo Subelman was partially supported by

this grant in 1977—78. Ne has been working on the problem of determining

the optimal maintenance policy for a system under the assumption of a finite

planning horizon. He assumes that the expected operating and repair costs

of a system are convex increasing functions of the time elapsed since the

system was last maintained. Under these hypotheses he has determined the

structure of policy that minimizes the expected operations and maintenance

costs over the horizon. This policy has a particularly simple form, depend—

ing only on two critical numbers. The computation of these numbers can also 
- 

-
_

be reduced to simple computations.

An invited paper on “Recent Developments in Reliability Theory,” was

presented at the Seventh Conference on Stochaa tie ProceBsee and Their

Applica tions at Twente University of Technology, Enschede, The Netherlands,

15—19 August 1977. An abstract of the talk is attached with this report.

Professor Kjell Doksum was partially supported by this grant during

summer 1978. His paper on “Rank Tests for the Matched Pair Problem with

Life Distributions” is partially credited to this grant.

Professor Sheldon Ross has credited his paper, “Approximations in

Finite Capacity Multi—Server Queues with Poisson Arrivals,” in part to

this grant.
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AVAILABILITY AN ALYSIS OF THE SUPER}fILAC ACCELEi~ATOR

• • Analysis of Two Years of Operating Data fran the

Lawrence Berkeley Laboratory

by

Richard E. Barlow
Departoent of Industr ia l  Engineering -

and Operations Research
University of California, Berkeley

and

Tom Y. Liang
Operations Research Center

University of California, Berkeley

F~ecords of 26 uonths of operating , repairing , and maintaining the
nuclear accelerator Superhilac at the Lawrence Berkeley Laboratory
(U.L) are analyzed with respect to system availability and reliability.

A ~a.j or portion of the report is devoted to building a suitable model
for the availabili ty analysis. Some specific reconmendations for  im—
provenent are also given . The current availabilities for  operating the
nachir 1e in Nodes 1, 2 , and 3 are 64 .8% , 76 .9% , and 80% respectively.
The Adam injector is most responsible for causing the current low
availability level of Mode 1. An increase of 15 hours on top of the
curreit NTBF of 22.74 hours for the Adam injector (or, a decrease of
about 2 hours from its current MTTR of 5.15 hours) would result in an
overall boost of 5.6% f or Mode 1 availability. (See Chapter 3 and
Appendix 2 for additional recom~2ew..dtions.) Either way, this would
translate into about 6 more usable hours every 4 days of operatLons
for Node 1.

Sone optimization schecies (when the costs associated with fr.iproving
the various equipments are known ) are indicated for obtaining specific
adJustments to be made systemwide in order to achieve economically an
assigned higher availability level. Such models and schemes can easily
be adapted to future needs as the information gathering system evolves
in the near future into an organic computer network capable of collect-
ing and analyzing much more voluminous and accurate data.

Also included are system reliability and miscellaneous findir.gs from
Time Series Analysis and Total Time on Test Pluts.
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AVAILABILITY THEORY FOR SYSTEMS
WHOSE COMPONENT S ARE SUBJECT
TO VARIOUS SHUT—OFF POLICIES

by

R. E. Barlow

E .Sid

Barlow and Proschan [1] derived limiting series system availability

assuming non—field components are in “suspended animation” at system f ailure

and until repair is completed . Limiting results in this case depend only

on distribution means. When this model is modified so that some non—failed

components continue to opera te af ter sys tem f a i lure , limiting availability

is no longer just a function of distribution means. Consider a two component

series system with failure distributions. P
2 and repair distributions

I
C1 , C2 . If  either F

1 
or C

1 is IFR (DYR) and all other distributions

ar e exponential , limiting availability is cireater (Zass)  than in the

exponential case. If  C2 is IFR (DFR) and all other components are expo— I ~nential ,,limiting availab ility is lesB ~gr eater) than in the exponential case.

For F2 general and all other distributions exponential, limiting avail—

ability is the same as in the exponential case. Availability formulas for

series systems with more than two components and various shut—off policies

are obtained for exponential case .

• Ref erence

[1] Barlow, R. E. and F. Proshan, “Availability Theory for Multicomponent
Systems,” Muitivariate Analysis III, Academic Press , pp. 319—335,
(1973).
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MONOTONE HAZARD AND FAILURE RATES FOR WJLT1VARIATE DISTRIBUTIONS

It. W. Block

ABSTRACT

It is shown that the monotone nult ivariate hazard and
failure rates of Harris and of Br adley and Thor~pson have no
natural analog involving the multivariate failure rate
function of Basu for absolutely continu3us distributions.
Quantities related to the zaultivariate failure rate function
are used to define monotone hazard and failure rates. It is

- sho~rn that these arc equivalent to the monotone 1-azard and - I ~failure rates of Harris and of Brindley and Thom~ison. Based
on these quantities, the loss of memory property of Marshall
and 01km is characterized.

• .

_ _ _ _  
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FAILURE DATA ANALYSIS OF THE

SUPERMILAC RADIO FREQUENCY STJBSYSTEM

by

Mark K. Chang •

This report is a follow—up of the study done by Liang [1], (2] in 1977
to investigate new techniques for analyzing SuperHILAC system availability.
Recent and more accurate data arc used and emphasis is on the Radio
Frequency (PS) subsystem and its components. Tine Series Analysis and
Total Time on Test plots are the main tools used in the analysis .
Recommendations for the improvement of RF availability, general SuperilILAC
performance, and the data collecting process are given. The primary
result suggests th~~ the RF operating period should be extended.

______ _____ ____
_ _ _ _ _ _   

_ _
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A RENEWAL DECISION PROBLEM

C. Derma n
C. J. Lieherman

S. N. Ross

- ABSTRACT

A syste~ r.ust operate for  t units of tir~e. A certain component

is essential for itr operat ion and must be replaced ) when it fails,

~..ith a new compo~~ r~t. The class of spare components is grouped into

n categories with conpanents of the ith cate~ory costing a. positive

a~ ottnt - C~ and functioning for an exponential length of time with

— 

rate . The main problem of interest is, for a given t , to

assign the initial component and subsequent replacements from among

the n categories of spare components so as to minimize the expected

cost of providing an operative conponent for t units of time.

In Section 1 we show that when there are an infinite number of

spares of each category, the optimal policy has a simple structure.

1:amaly, the time axis can be divided up into n intervals, some o~

which may be vacuous, such that when a rnplacement deci.~ion has to be

made it is optimal to select a spare from the category having the ith

largest value of AC whenecrer the remaining time falls into the ith

closest interval to the origin. In Section 2 we consider th~ situ-

ation where n 2 ~nd there is only a single spare of one category

and an infinite number of the other. In Section 3 we concider the -

case where there is only a finite number of spares for certain of the

categories under the assumption that a rebate is allowed for the -

component in use at the end of the problem. Itt Section 4 we allude to 
—

a generalization of the model in Section l allowing for discounting or

for the po~sibi1ity that the system may randonly terminate before the ‘

t units of time expire. An optimal policy has the name simple

structure as 3n Section 1.

- - -
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RkNK ThSTS IOR ThE M\TG lED PAIR

PR3BLE.~’1 WI’IH LIFE DISTRIE~W’IONS

by

K. lbksurn

We consider matched pair experiments where the measurements (x1~y~) in

each pair are time measurements such as failure times in a reliability study.
A matched pair experiment i_ s a simple block design where pairs are formed to
block out nuisance factors . For example, matched pairs could be two brand s
for the front tires of a car (where differences between cars are then blocked
out) , a side of a house with the left and right halfs painted with two makes
of paints, etc.

If the shape of the failure time distributions are not known , it makes
sense to consider rank test. We considered three classes of such tests:

(i) The class of signed rank tests based on the signed ranks of
{y. - x.}. Here a test based on an exponential scores statistic turns out -~ ~

. -

to have good power properties in reliability models.

(ii) A class of signed rank tests based on the signed ranks of
(log y1 

- log x1). The Wilcoxon signed rank test has good power properties

in reliability models for this class. We show that each isotonic signed rank
test has isotonic power with respect to tail ordering as defined in [1].

(iii) Invariance considerations leads to conditional tests based on the
joint ranks of {x1,y3

}. In this class, an exponential score (Savage) sta-

tistic is optimal (in the miniiuax sense) over the class of I FRA distributions.
Isotonic conditional rank tests have isotonic power with respect to tail

ordering.

(1] Doksum, K.A. (1969). “Starshapeci transformations and the power of rank
tests”, tati , pp. 1167-1176.
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QIJEUEINC NODELS YOR N IJLTI PLE C1[ANBER LOCKS

C. R. Classey

and 
- 

-

- S. N. Ross -
. 

- 
-

-
. 

-

- ABSTRACT - 
- 

.-

Several models for predicting mean waiting times of river t raff ic
at a multiple chanbar lock ware developed and tested. Nean ~zaitingtizes predicted by the N/C/i model diffeced significantly from
observed tir~es. Analysis of possible causes of failure of this
model siggested a limited queue length N/Gil mode]. for one chamber,
from which more accurate predictions were derived. ~or the two
ch-s bet system , an N/G/l model with randon batch size ~as developed.This model yields a lower bound for m ean ~;aiting tiiae. The~;e last

. two mocels can be used to predict system performance under various
operating comlitions. -

- 
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BAYESIAN LIFE TESTING USING THE TOTAL Q ON TEST

W. S. Jewell

ABSTRACT

Suppose the basic shape of the cumulative fa i lu re  (hazard)
- - 

function has been identified for  a certain co t?oaent , and
that an unknown paremeter 0 for a new production run of -

~~~~

simila r components is to be estimated . In particular ,
suppose that the failure function is of p r’opor~ional type , - I
R(x) OQ(x) , where Q is the known sh~;ie function , and
that 0 is sampled f rom a prior ga~~ a deasity. By using
a new statistic, eal ed the ta~aZ Q on tas~ (TQ T ),  it Is
possthln to perfo rm ~ayesian up dating during a ;-nri cty of
lifetime testing pro~ rams in a mnanr er si::ilar to total t i~ ie
on test plots. This statist ic cart also b~ used with corn—
plete l i fe t ime data , exteu ding over several product runs,
to ident ify the failure form Q , and to estinate the gamm a
hyperpa rameters . Extensions include the use of several
TQT statistics to estimate the relative strength of compet—
ing hazard functions.

I

. 

. 

- 
-
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-
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A}’~~oXLMATIONS IN MULTI—SERVER I’OISSON QUEUES

Shirley A. Nozaki

and

Sheldon N. Ross

ABSTRACT

Our major-objective is to obtain an approximation for

-
~ the average tine spent waiting in queue by a customer in an

U/G/k qu~ueing system——call it . This is done by mea ns

of an approximation assump tion presented i n Sec tion 2, ~.Aijch

is shown to be asymptotically valid both in heavy end in

light traffic. in Section 3, the approximation assumption

is used to d~rive an approximation for . Numerical

t co-’parison with tables given by }LLI1icr—I.o in the special

case of Erleng service times indicate that th~ approximation,

vhich depends on the service distribution only through -its

first two monents, works remark:ibly well. In addition, as ;~

by—product of our analysis, we also obtain approximations

for the distribution of the mumber of busy servers and the

mean length and nu~ber of customers in a busy period. These

latter approximations depend on the service distribution only

through its mean.

In Section 4, we show that the approximation assu iptioa

i~; valid and leads to tlia exacL result in the case of a -

1;
~~

;ted c~tpacity system where no queue is ;~llowad to form.

-

~~~~~~~~~~~~ 
- 

_ _ _ _  _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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APPRc”:~~i ~~ONS IN FINITE CAPAC ITY

MULTI—SE RV E R QUEUES WITh POiSSON AR :-UVALS

Shirley A. Nozaki

and

Sheldon H. Ross

ABSTRACT

In this paper , we consider an H/C/k queueing model having
finite capacity N . That is, a model in which customers ,
arriving in accordance with a Poisson process having rate
A , enter the system if there are less than N others
present when they arrive , and are then serviced by one of k
servers, each of whom has service dis t r ibut ion C . Upon
entering, a customer will either immed iately enter service
if at least one server is free or else join the queue if all
serve rs are busy. Our results will be independent of the 

- 
-

orc r of service of those wa iting in queue as long as it is
su ’ ?osed that  a server will never remain idle if custome rs
ar waiting. To facilitate the analysis, however, we will

~-.~?pose a service discipline of “first come first to enter

~ -‘rvice.”

a 
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- OPTINAL REPAIRMAN ALLOCATION NODEL S

D. R. Smith

A syst ~‘.t of n conponcnt 5;  nc~~r tho ~~~ o~ onc• rep~.
iS  ~~‘‘I~:d. Th~ 1(fll j’OIh.t S ~ re &uhj cc t o  f a i l u r e , where —
u:~~.i th~-~ t~~y b~- r e p t i J - t •c! c .~ at  a ~~~~~ i t  is d e~ irc-d to
rcp~ i r fe - . ii ad cc)np( t~.~,~t S 1:~ s~~-h a r a n !l e  r l i i i  I the c’rgod ic
prob:-bi ii  r y  t h :~t: t he sy~; t c’-~ w~ rks is v a x  I: - i:—cd .

It is ~~~~uri~~J that each co:~~~i i m t  and ih~ ~ys cr~ as a whole
can be either working or fa i led , wi th  the relationshi p
het~:~.en the working of the  sy stcu and the  ~,orkin ~ of thecoapoaents given by a coh erent  s t ru c tu r e  fu n c t i o~~. T h e  time
a componoat works , or the tine to repair  a compenant is an
exponential  random variable of known rate .  All component s
are independent , and at  most one component may be under
repair at a given time.

• Although the general problem is in princir~le soluble bykno~:n methods , co;aputational d i f f ic ult i e s  arc  enoruous for
moderate  sized systems . In ~dditton , such methods g ive no
geanral m a  ight  i~~to the s tr u ctu r e  Of the optimal policy.
There fo re , bounds and approxi:-atioas fo r  general.  sy stems are

- 
highly useful.

One bound for the optimal. ergodic probab~ l i r.y t h a t  the
system works is givt-n by the ergodic  proh~~iiii1y that the
systc\i works under a p ar t i c u l a r  po~~icy .  The time reversible
pol icy given yields easily oh~ainablE~ ergc-dic probabilities
for  a’l states , and is useful , fo r  b’~u nd:i:i~; purposes.

}ost real syste~’s are highly reliable in nature. Parant etri--
za tion of the rates of the exponential raa~om variables
given earlier allows investiga t ion of asy~ pt o tic  system
properties as the system becomes very rel~able. Specifi—
tally , for a given policy , the asyaptot te ergodic probability
of all states and the asymptotic p3ssa~ r. tires h~ tw~’~ n states
may be computed . These results allow one to obtain the
asymptot i c  optimal unre l iab i l i ty  o~ an a r b i t r a r y  sysre~n , and
to obtain the asymptotically optimal policy for asa l .ieut of
the repairman in many CaseS . I n t u i t i ve l y,  th~. asyaiptot ica lly
optimal policy is close to optimal for hi~;hly reliable
Systeris.

Alti ic’vgh highly unreliable systems occur i~’as f r equen t ly ,
such systems r’ay be treated in a s im i l ar  ; :~~ -r w i t h  s imilar
results. -

~ wo sp:-c f Ic  c’:-;a:~~lr r; of sys I ~~~ a~ e t rca t ed  in t h a pap a r :
tb~ r.-~r i~ - .; Sy ( ~L’ an d an e n ’  I t r a r y  .~ystc :~ of s to~-h : t~.t ice l ly
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id ~ni ‘-a l  t c ’ . JL)n~-nt . ‘
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t. -a~t t i, ; - t -
~r ~ - ‘~ s~~st c- ~ is cc ’ of co ; ‘ a - .- u t  a whose

f a t  l~~~r~~: ra~~-a ~- ‘ i  ~~ ical , t h - -  e rg o l i  ~‘~~~~~~; i 1  ~t y  t h a t
t i:-  ~. y -  ‘-:‘ ~ o:aa t ‘i independent cit pc .1 icy .

I ~~~~ t~~t . a  ~~~~~~~ c~ . ? a r r - i t t  ~-~-r1 a~; s y st i - rr t , i t is  e~i t  ~r a1  t o  r cp~t i r
t~ r - ~~~~~~~ ( - - ~~C~~- d  1 LIt~t 1~~I~~ ( ( J . ) C)t1~~~i i t  f i r ~.t , ~ ad t b  ~s is
t r c a  (-Va t h c -  r cp .- - i r t~~u-t is sa~ j ectcd 10 r ;rsz~o:~ ln te rvals

ç~~~~- ~~~j ch La ~:; not a l l o -.;ad to work .

For an ri conpaaa.~t ser lea  system , the o~~t in~ l policy seems
to La to r epa ir  the co por tents in order of increasing
expected l ife ti z~s. This reaui.t can be provet-i if the
o?ti al ~-‘~~licy can be written as a l i s t , but a rore general
proof see:~s to be elusive.

a sys re :  is co:~posed of s tochast ical ly identical
components , i t  is o f t en  possible to e l iminat e  irrOs t policies
from cons idc-ra~ ion .  Two examp les of this  technique are
given , includin ~ one in which the optima l policy is
e-: p i i c i t ly  obta inec~.
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I. INVITED I~EVIEW AND RESEARCH PAPERS

Recent developments in reliabi lity theory

RI CHARI ) . E. BARLOW . Ur1aea i:y of C~! f : r . : i~; at Berkeley

The key paper of Block an d Savits (1976) has been used by Ross (1977) to
extend the rmt~ closur e theorem (B irnba un i , Esary and Marshall (1966)) to
multi-state coherent systems. The key result is that if T1. T2, - - - , 7;, are -

independent IFRA, then
I

4. 

(1) [ Eh~ (Ii .2i
~4. . -

is j  in a > O  f o r  all h� 0 and ht .
An imme diate corollary is th at if g is ~ and 

- 
—

— g(nT)
a 

-
-

is ~ in a > O  for all T~~(T 1, T2. - - - , T~ , thcn g(T1, T,, - - - ‘ 7;,) is wn~ . For
- 

- 

mm cut-sets K
~, K2, - - , K~ and -~~

g(T)=’ mm max T~I a s~~ k ~ K _

we have thV ISP-S  closure theorem. For g ( T~= T1 + T2 +- - -± 7 ;, we have the
i~n~ convolut ion theorem. -

Block and Sn’. its ( 1977) define T,, Tc. . 
, 7;, to he mult ivari ate fl-nA if (1) -

- 
‘

holds. Let X ( z )  be the state {O, 1, 2, - - , n} of componeat i. If X (i)  i~ ~, in
t~~O,

Tk = sup {tIX( t)~~k}

and T1, i~. - - - , T~ are mu ltiv ar iate WR-’. , then ~~~ ( t) ;  t~~O} is an IFR.-\ failure ;

process . -

If 4’ 1~ the n

4’[X1(t), X2(t) , - - • 
, X,,(c)}

is also an IFRA failure process. a -

Bo Bergman in Sweden (see e.g. Bergman (1978)) obtains optimal mainte-
nance poh ici-~ for multi-state components. Bob Smith c-t Columbia Univers ity
obta ins optimal policies for coherent systems. Barlow and C~aripo (1975) show
how IFR .•\ and othec classes may he tentativel y id entif ~cLl from data .
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